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1 Introduction

1.1 Examples

(1) 00(p A &1¥)

2) 0@ A0w)

3)  O(V2)[Eo(Q(2)) — Q)]

(4)  Every man who ever; supported the Vietnam War willy have to admit!

that now, he believes? that he was an idiot then;. (Saarinen), |1979, 343)
(5) a.  (Va)[My¢(z) > (V' < t)[ Sy, t/(x) (Ht” > t)

(V") [ A (@) (') — (") B g, (@) (") = Lo (@)]]]]
b (V) [Ma() = (98 < 0[S () > (36" > &)

(V10" A () (1) —> (F00") [ Bug, (@) (") = Lo (@]
(00 Mas(o) = (W < OlSyla) (6> t)

(V") A (@) (') — (F0") [ Bu . (@) (") = L (@)1}

1.2 Setting the stage
e Relevant factors when it comes to comparing expressivity:
(a) the formal languages to which the formulae compared belong;
(b) the choice of the determinants of denotation;

(c¢) the relevant notions of denotation to be preserved in that comparison.

(6) OOp—O0p
(7)) [(Vir)[ioRiy — (Jig)[ir Riz A P(iz)]] —
(Fi1)[ioRi1 A (Vig)[i1Riz — P(i2)]]]
(8)  (Vio) ioRio
©)  (vp)[Cp v O —p]
(10)  (VP)[(Vio)P(io) v (Vio)—P(io)]
(11)  is true throughout a frame (W, R) iff ¢ is true in all models (W, R, V, w).
(12) ¢ is true in a context c iff [p]M-eie = 1.
(13)  [Pg]®@t )9 = 1 iff [p] @t )9, for some t/ < t



(18)

a.  (Ft1)[toSt1 A p[to/t]] where [zSy]9 = 1 iff g(y) < g(z)
b.  (Fi1)[ioRi1 A @[iofi]]
where [zRy]? = 1iff g(z)1 = g(y)1 and g(y)2 < g(x)2
Every horse neighs.
a. (Va)[H(z) — N(2)]
b. AP.(Vz)[H(z) — P(z)]
c. AQAP.(V2)[Q(z) — P(z)]
a. [)\Zo[/\h[’to = Z1]]]
b [M[AEF = Ap.Yp]](Ap.Vp)]

Intensional Type Logic

Syntax and Semantics of (Tensed) Intensional Type
Logic Montague| (1970, [1973)

Intensional Types

Let e, t, and s be some fixed distinct objects. Then Ty, is the smallest
set satisfying the following conditions:

a. te T]L; ee T]L;

b. if 0,7 € Ty, then {o,7) € Tyy;

c. if 7€ Ty, then (s,7) € TyL.

Basic Terms of IL

a. Con, is the (denumerably infinite) set of all non-logical constants
of type 7 € Tyy;
b.  Var; is the (denumerably infinite) set of all variables of type 7 €

The family (IL;),er,, of IL-terms

a. Ifce Con,, then ce IL;;

b. If x € Var,, then z € IL,;

c. Ifa,pelL,,then [a=p]€ IL;

d. Ifze Var, and a € IL;, then [Az.a] € IL(, 1y
e. Ifaellyg,y and € ILy, then a(fB) € IL;;

f. If a € IL;, then ["a] € IL +y;

g. Ifaellg,, then [Va] e IL,.

Domains

a. D, =D, a (fixed and non-empty) set of (possible) individuals

b. D, ={0,1}

C. D<g7.,.> = D?“

d. D¢y = D&WXT), where W and T are (fixed and non-empty) sets
of worlds and times.

e Interpretations F (according to models M) and assignments g:

- Fuy(e): (W xT)— D,, for any 7 € Ty, and c € Con.;

— g(z) € D,, for any 7 € Ty, and = € Var,.



(23)

Denotations of IL-terms

g.

c]M(werte) (w9 — B (c)(w,t), if c € Cony;

[x]Mo(weste) (w9 = g(x) if 2 € Vary;

[la = BIJMuestehwo — 1 i

[a] M- (we te)(wit).g — [B]M(weste)s(w;t).g,

[[Az.a]] M (werte) (w9 (3) = [a]Mo(weste)- (09074 for any u € D,
(where x € Var,);

[ou( B[ Mo (weste):(wit)g = [ Mr(weste), (w t) g([[ﬁﬂ s(weste),(w;t),g )’

[ a]]™ “’ft)(Wt)g(w t) = [a]M (w9 for any w’' € W
and t' € T

I[Y M (weste)(wt)g = [ M:(weste),(wit).9 (4, ),

Accessibility relations and indexical operators (in intended models M)

a. Fy(<)(w,t)(w,t')=1if w=w and t' <t

b. Fuy()(w,t)(w',t')=1iff w=w and t < t;

c. Fuy(~p)(w,t)(w' ) =1iff w=w

d. Fa(~w)(w, ) (W', ) = 1iff t = ¢

e. Fyd)(uw)(w,t)(w,t') = Fy(b)(u)(w,t)(w',t")  cf. Hintikka (1969)

. [Ap]Mi(weste) (Wb = 1 iff [p]M-(weste):(west)9 = 1 of. [Kaplan| (1979)

g [N|M@et @00 _ 1 iff [p]M@eto @80 — 1 of lKamp| (1971)

Abbreviations

a. (Va)p is short for [(Az.) = (Az.[z = z])]

= [(Va)]M:(wete):(w)g = 1 iff [p] 917 = 1, for all u € D,

b.  —¢ is short for [p = (Yv)v];

=[] et (w0 = 1iff ] -

c. @A isshort for (V)| = [f(¢ ) (w)]]

= [p A glwetel 0D = 1iff [o] -+ = [y]-

d. [y is short for (["] = [*(Va)[z = x]])

= [Op]M(wete) (w9 = 1 iff [io] (@09 =1, for all (w',t') € W x T

e. L is short for [Ap.LJ[[Yp] — ¢]l(~w)

= [Lo]Mwete)(wt)g = 1 iff [p] (@19 =1, for all w’ € W

f. Py is short for [Ap.O[[Vp] A ¢]](<)

= [P M (weste)(wit)g — 1 iff [o] ()9 = 1, for some ¢/ < ¢

g.  Fy is short for [A\p.O[[Yp] A ¢]](>)

=  [Fe]M(wete).(w)g = 1 iff ] (@9 = 1, for some ¢’ > ¢

h. B,y is short for [Ap.[d[[Vp] — ¢]](b(a)) where a € ILe

= [Bag]Mwete):(wt).g — 1 iff [p]~(*" 19 = 1, for all w’ such that:
Fag (b) (a M-t (009w, ), t) =1

= [Bap]M:(wet )y (wit).g — 1 iff el (W09 =1, for all w' € Doxg ¢
where Doz i = {w' € W|Fy(b)(u)(w,t)(w',t) = 1} and a =
[[a]]M,(wc,tc),(w,t),g

i. 3 and H are short for =V— and —P—, respectively

j-  ete.

2.2 From IL to Ty2

(25)

Standard translation of IL to Ty2 cf. (Callin, {1975, 61fF.)

a.
b.

€ = c(lp), for constants c;
T = x, for variables x;



¢ Ta=pl=[a=F
d. a(B) =a(B);

e. [M.a]=[\z.q]

ft. [ra] = [No.al;

¢ [Fa] = ali).

h.

Ap = (Fir)[~w (i1) (i) A ~¢ (i) (c) A [Nio.2](i1)];
L. N = Ji)[~w(i1) () A ~¢ (i) (i) A [No.P](i1)]
(26)  Lemma (Gallinl 1975] 62)
Let M be an IL-model, g an appropriate assignment, ((we,t.), (w,t)) a
point of reference, and M* and ¢g* a Ty2-model and assignment where:
Fy € Fyx, g € g%, g%(c) = (we, t.), and g*(ip) = (w,t).
Then for any 7 € Ty, and e € IL:
[[a]]M7(wc;tc)a(’w7t)a9 — [[a]]M*vg*_

2.3 Examples revisited

O(va)[do(Q(x)) — Q(x)]
27)  Fi)l~w (i) (o) A (V) [Qig (2) — Qi (2)]]
(28)  [AR.O(V2)[R(z) — Q(x)]](Q)

(4)]  Every man who ever supported the Vietnam War will have to admit that
now he believes that he was an idiot then.

Ga)  (Va)[Myi(z) — (V¢ < t)[Sy(z) — (3" > t)
(V) [Aw,er (2)(w') = (V") [Burp, (2)(w") = Lur, (2)]]]]

(29)  [AO2[AOL.(Va)[M (2) — Oy (" S(x) —

[Aq-O2 ("B (N(Bz (Y g A 1(2)))](~e)[1(Ap-H" p)](Ag. F¥ q)
Ga)l (V&) [My i(z) — (V' < 8)[Sw v (2 )—>(3t >t’)

(Y0 [ A0 (@) () = (V") B 1, () (") — T ()11
(30) [M’?( z)[M(x) > O("S(z) —

[A¢-FB.(N(B: (" g A I(2)))](~)]] (Ap-HYp)
Ga)] (V) [My, (2) — (V&' < 1)[Sy t(l’)%(t”>t)

(F0)[ A0 (@) (") = (V") B 1, () (") — Lo ()11
(31) [M’?( )[ () > O("S(z) -

[A¢:-NFB,(N(B: ("¢ A I(2))))](~)]] (Ap-H"p)

3 Adding Backwards-looking Operators to In-
tensional Type Logic

3.1 Implementing backwards-looking operators in IL

(32) YIL cf. [Yanovich| (2015)
For any type 7€ Typ,
a. Z]|Mo(weste).pmg — g(x)
b, [e]M(wetehema = Fy(c)(p(n))
c. [la = B (wertedpmog — 1 iff [a M (wete)pimag — [B]M:(weste)pimg
d [[a(ﬂ)]]Ma(wmtc)vpvnag — [[a]]Mv(wcatc)apanvg([[BﬂMv(wmtc)»panvg)
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(37)

e.  [[Az.a]]M-(wetedpmg(y) = [a M:(wete)pimgle/e]
£ [[a]]Mwete)pmg (i) = [a] M (wete) .l +/iln+1.g

g [[¥ ]]]M“”C’t )P = [a] M lwete):2md (p(n))

h.  [ALp]M (weite)pimg = [ Mo(weste) o[+ 1/ (o01p(m2) i+ 19
i [[Ngo]]M Weste),psM,g — WHM J(weste),p[m T Y (p(n)1,te)],m+1,g9
j.o o [Ap]M(weste)spmg — [p] Mo(weste)plnt Y we,p(m)]int1og
a
b.
C.

[} M (weteh v — [ g ot oma(p(1)y, p(r)o)

[[Ngo]]M J(Weste),pn,g — [ (p]]M(wc,t )pn,g( (n) tc)
[[A(pﬂM(w‘ ¢):Psg — [[Aw]]M,(wc,tc),p,ng(wc p(n)s2)

(Ya)[M(z) — H(S(x) — 85(FB.(N (B, (87 (I(x)))))))] (=[29)
(Va)[M (x) — H(S(z) — FB,(N(B, (87 (I(x))))))] (=[(30))
(Ya)[M () — H(S(x) — NFB,(N(B,(8](I())))))] (=1(31))

From YIL to IL

Theorem
Let M, M*, g,g* and (w,,t.) be as in|(26)] and let p be a sequence of
indices (in W x T') such that p(k) = g*(iy) for any k.
a. If7eTy, ae YIL,, and g*(ip) = g*(c), then:
[Zo(@)** 5" = [a] #(ot)009.
b. If p € YIL;, then:
[Zo(@)M" #* = [ teet) 00,

Corollary

a. For any a € YIL,; such that o(a) = 0, there is a v € IL, such that
for any M, (wc, ¢), g, and p:
[[OZHM We, c) p,0,9 — II/y]]M(wmt ) (wcy c);g
b. For any ¢ € YIL; there is a 1) € IL; such that for any M, (we,t.),

(w,t), g, and p:
[[gp]]Mv(wth)amng — [[w]]M,(wC,tC),(w,t),g.

Translation

a. Zy(x)==x

b Zn(c) = C(ln)

c. Zn(la=p8])=1[Zn(a) = Z.(B)]

d.  Zn(a(B)) = Zn(a)(Zn(B))

e. Zn([Azr.a]) = (A\z.Z,(a))

f. Zu(["a]) = Nint1-Zns1(a))

g Zn([vla]) = Zn(a)(in)

h. Z,(8,9) = [Ap.(37)[~w () (@) A~ () (@) A PN (Z0n ("))

= [Ap-(3D)[~w () (@) A ~¢ (5)(ir) A P (Nint1-Zns1(0))

L Zn(Ng) = [Ap.(37)[~w (1) (in) A ~¢ (5)(c) AP()]](Nint1-Zns1())
i Za(Ap) = [Ap.(3))[~w (4) () A~ (5)(in) AP (Nin+1-Zn11(9)

Zy(a) = @, for any IL-term

o

Lemma

Let M, M*,g,g* and (we,t.) be as in[(26)] and let p be a sequence of
indices (in W x T') such that p(k) = ¢g*(ix) for any k. Then for any
7 €T, a € YIL. and natural number n:



HZn(a)ﬂM*’g* = [[O[]}M’(wu’tc))P»nﬂ.
(42)  [a]M(wete)0:0.9 = [ M (weite):p(0):9 for any IL-term a.

(43) Theorem (Zimmermann), (1989} 75)

If B € Ty2. meets conditions a.—c., then there is a v € IL, such that ¥

is logically equivalent to 5.

a. TE T]L;

b. if c is a constant occurring in 3, then c is a constant of some type
(s,0), where o € Typ;

c. if z is a variable occurring freely in §, then x € Var, u {ig} where
(oS T]L.

4 Remaining issues

e Compositionality Cresswell| (1990), [Schlenker| (2006
e Twisted senses Zimmermann| (2018])
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