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1 Introduction

1.1 Examples

(1) ♦♦pϕ^ B1ψq

(2) ♦pψ ^ ♦ϕq

(3) ♦p@xqr B0pQpxqq Ñ Qpxqs

(4) Every man who ever1 supported the Vietnam War will2 have to admit1

that nowc he believes2 that he was an idiot then1. (Saarinen, 1979, 343)

(5) a. p@xqrMw,tpxq Ñ p@t1 ă tqrSw,t1pxq Ñ pDt2 ą tq
p@w1qrAw,t2pxqpw

1q Ñ p@w2qrBw1,tcpxqpw
2q Ñ Iw2,t1pxqssss

b. p@xqrMw,tpxq Ñ p@t1 ă tqrSw,t1pxq Ñ pDt2 ą t1q
p@w1qrAw,t2pxqpw

1q Ñ p@w2qrBw1,tcpxqpw
2q Ñ Iw2,t1pxqssss

c. p@xqrMw,tpxq Ñ p@t1 ă tqrSw,t1pxq Ñ pDt2 ą tcq
p@w1qrAw,t2pxqpw

1q Ñ p@w2qrBw1,tcpxqpw
2q Ñ Iw2,t1pxqssss

1.2 Setting the stage

• Relevant factors when it comes to comparing expressivity:

(a) the formal languages to which the formulae compared belong;

(b) the choice of the determinants of denotation;

(c) the relevant notions of denotation to be preserved in that comparison.

(6) l♦pÑ ♦lp

(7) rp@i1qri0Ri1 Ñ pDi2qri1Ri2 ^ P pi2qss Ñ
pDi1qri0Ri1 ^ p@i2qri1Ri2 Ñ P pi2qsss

(8) p@i0q i0Ri0

(9) p@pqrlp_l  ps

(10) p@P qrp@i0qP pi0q _ p@i0q P pi0qs

(11) ϕ is true throughout a frame pW,Rq iff ϕ is true in all models pW,R, V, wq.

(12) ϕ is true in a context c iff JϕKM,c,ic = 1.

(13) JPϕKpw,t,... q,g “ 1 iff JϕKpw,t
1,... q,g, for some t1 ă t



(14) a. pDt1qrt0St1 ^ ϕrt0{t1ss where JxSyKg “ 1 iff gpyq ă gpxq

b. pDi1qri0Ri1 ^ ϕri0{i1ss
where JxRyKg “ 1 iff gpxq1 “ gpyq1 and gpyq2 ă gpxq2

(15) Every horse neighs.

(16) a. p@xqrHpxq Ñ Npxqs
b. λP.p@xqrHpxq Ñ P pxqs
c. λQ.λP.p@xqrQpxq Ñ P pxqs

(17) a. rλi0.rλi1.ri0 “ i1sss
b. r^rλF.rF “ λp._psspλp._pqs

2 Intensional Type Logic

2.1 Syntax and Semantics of (Tensed) Intensional Type
Logic Montague (1970, 1973)

(18) Intensional Types
Let e, t, and s be some fixed distinct objects. Then TIL is the smallest
set satisfying the following conditions:

a. t P TIL; e P TIL;
b. if σ, τ P TIL, then xσ, τy P TIL;
c. if τ P TIL, then xs, τy P TIL.

(19) Basic Terms of IL

a. Conτ is the (denumerably infinite) set of all non-logical constants
of type τ P TIL;

b. Varτ is the (denumerably infinite) set of all variables of type τ P
TIL.

(20) The family pILτ qτPTIL of IL-terms

a. If c P Conτ , then c P ILτ ;
b. If x P Varτ , then x P ILτ ;
c. If α, β P ILτ , then rα “ βs P ILt;
d. If x P Varσ and α P ILτ , then rλx.αs P ILxσ,τy;
e. If α P ILxσ,τy and β P ILσ, then αpβq P ILτ ;
f. If α P ILτ , then r^αs P ILxs,τy;
g. If α P ILxs,τy then r_αs P ILτ .

(21) Domains

a. De “ D, a (fixed and non-empty) set of (possible) individuals
b. Dt “ t0, 1u
c. Dxσ,τy “ DDσ

τ

d. Dxs,τy “ D
pWˆT q
τ , where W and T are (fixed and non-empty) sets

of worlds and times.

• Interpretations F (according to models M) and assignments g:

– FM pcq : pW ˆ T q Ñ Dτ , for any τ P TIL and c P Conτ ;

– gpxq P Dτ , for any τ P TIL and x P Varτ .
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(22) Denotations of IL-terms

a. JcKM,pwc,tcq,pw,tq,g “ F pcqpw, tq, if c P Conτ ;
b. JxKM,pwc,tcq,pw,tq,g “ gpxq if x P Varτ ;
c. Jrα “ βsKM,pwc,tcq,pw,tq,g “ 1 iff

JαKM,pwc,tcq,pw,tq,g “ JβKM,pwc,tcq,pw,tq,g;
d. Jrλx.αsKM,pwc,tcq,pw,tq,gpuq “ JαKM,pwc,tcq,pw,tq,grx{us, for any u P Dσ

(where x P Varσ);
e. JαpβqKM,pwc,tcq,pw,tq,g “ JαKM,pwc,tcq,pw,tq,gpJβKM,pwc,tcq,pw,tq,gq;
f. Jr^αsKM,pwc,tcq,pw,tq,gpw1, t1q “ JαKM,pwc,tcq,pw

1,t1q,g, for any w1 P W
and t1 P T ;

g. Jr_αsKM,pwc,tcq,pw,tq,g “ JαKM,pwc,tcq,pw,tq,gpw, tq.

(23) Accessibility relations and indexical operators (in intended models M)

a. FM păqpw, tqpw
1, t1q “ 1 iff w “ w1 and t1 ă t;

b. FM pąqpw, tqpw
1, t1q “ 1 iff w “ w1 and t ă t1;

c. FM p∼tqpw, tqpw
1, t1q “ 1 iff w “ w1;

d. FM p∼wqpw, tqpw
1, t1q “ 1 iff t “ t1;

e. FM pbqpuqpw, tqpw
1, t1q “ FM pbqpuqpw, tqpw

1, t2q cf. Hintikka (1969)

f. JAϕKM,pwc,tcq,pw,tq,g “ 1 iff JϕKM,pwc,tcq,pwc,tq,g “ 1 cf. Kaplan (1979)

g. JNϕKM,pwc,tcq,pw,tq,g “ 1 iff JϕKM,pwc,tcq,pw,tcq,g “ 1 cf. Kamp (1971)

(24) Abbreviations

a. p@xqϕ is short for rpλx.ϕq “ pλx.rx “ xsqs
ñ Jp@xqϕKM,pwc,tcq,pw,tq,g = 1 iff JϕK...,grx{us = 1, for all u P Dσ

b.  ϕ is short for rϕ “ p@vqvs;
ñ J ϕKM,pwc,tcq,pw,tq,g = 1 iff JϕK... = 0
c. ϕ^ ψ is short for p@fqrϕ “ rfpϕq “ fpψqss;
ñ Jϕ^ ψKM,pwc,tcq,pw,tq,g = 1 iff JϕK... = JψK... = 1
d. lϕ is short for pr^ϕs “ r^p@xqrx “ xssq
ñ JlϕKM,pwc,tcq,pw,tq,g = 1 iff JϕK...pw

1,t1q,g = 1, for all pw1, t1q PW ˆT
e. Lϕ is short for rλp.lrr_ps Ñ ϕssp∼wq

ñ JLϕKM,pwc,tcq,pw,tq,g = 1 iff JϕK...pw
1,tq,g = 1, for all w1 PW

f. Pϕ is short for rλp.♦rr_ps ^ ϕsspăq
ñ JPϕKM,pwc,tcq,pw,tq,g = 1 iff JϕK...pw,t

1
q,g = 1, for some t1 ă t

g. Fϕ is short for rλp.♦rr_ps ^ ϕsspąq
ñ JFϕKM,pwc,tcq,pw,tq,g = 1 iff JϕK...pw,t

1
q,g = 1, for some t1 ą t

h. Bαϕ is short for rλp.lrr_ps Ñ ϕsspbpαqq where α P ILe

ñ JBαϕKM,pwc,tcq,pw,tq,g = 1 iff JϕK...pw
1,tq,g = 1, for all w1 such that:

FM pbqpJαKM,pwc,tcq,pw,tq,gqpw, tqpw1, tq “ 1
ñ JBαϕKM,pwc,tcq,pw,tq,g = 1 iff JϕK...pw

1,tq,g = 1, for all w1 P Doxa,w,t
where Doxu,w,t “ tw1 P W |FM pbqpuqpw, tqpw

1, tq “ 1u and a “
JαKM,pwc,tcq,pw,tq,g

i. D and H are short for  @ and  P , respectively
j. etc.

2.2 From IL to Ty2

(25) Standard translation of IL to Ty2 cf. (Gallin, 1975, 61ff.)

a. c “ cpi0q, for constants c;
b. x “ x, for variables x;
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c. rα “ βs “ rα “ βs;
d. αpβq “ αpβq;
e. rλx.αs “ rλx.αs;
f. r^αs “ rλi0.αs;
g. r_αs “ αpi0q.
h. Aϕ “ pDi1qr∼w pi1qpi0q^ ∼t pi1qpcq ^ rλi0.ϕspi1qs;
i. Nϕ “ pDi1qr∼w pi1qpcq^ ∼t pi1qpi0q ^ rλi0.ϕspi1qs

(26) Lemma (Gallin, 1975, 62)
Let M be an IL-model, g an appropriate assignment, ppwc, tcq, pw, tqq a
point of reference, and M˚ and g˚ a Ty2 -model and assignment where:

FM Ď FM˚ , g Ď g˚, g˚pcq “ pwc, tcq, and g˚pi0q “ pw, tq.

Then for any τ P TIL and α P ILτ :

JαKM,pwc,tcq,pw,tq,g “ JαKM
˚,g˚ .

2.3 Examples revisited

(3) ♦p@xqr B0pQpxqq Ñ Qpxqs

(27) pDi1qr∼w pi1qpi0q ^ p@xqrQi0pxq Ñ Qi1pxqss

(28) rλR.♦p@xqrRpxq Ñ QpxqsspQq

(4) Every man who ever supported the Vietnam War will have to admit that
now he believes that he was an idiot then.

(5a) p@xqrMw,tpxq Ñ p@t1 ă tqrSw,t1pxq Ñ pDt2 ą tq
p@w1qrAw,t2pxqpw

1q Ñ p@w2qrBw1,tcpxqpw
2q Ñ Iw2,t1pxqssss

(29) rλO2.rλO1.p@xqrMpxq Ñ O1p
^Spxq Ñ

rλq.O2p
^BxpNpBxp

_q ^ Ipxqqqqqsp∼tqqsspλp.H
_pqspλq.F_qq

(5a) p@xqrMw,tpxq Ñ p@t1 ă tqrSw,t1pxq Ñ pDt2 ą t1q
p@w1qrAw,t2pxqpw

1q Ñ p@w2qrBw1,tcpxqpw
2q Ñ Iw2,t1pxqssss

(30) rλO.p@xqrMpxq Ñ Op^Spxq Ñ
rλq.FBxpNpBxp

_q ^ Ipxqqqqsp∼tqqss pλp.H
_pq

(5a) p@xqrMw,tpxq Ñ p@t1 ă tqrSw,t1pxq Ñ pDt2 ą tcq
p@w1qrAw,t2pxqpw

1q Ñ p@w2qrBw1,tcpxqpw
2q Ñ Iw2,t1pxqssss

(31) rλO.p@xqrMpxq Ñ Op^Spxq Ñ
rλq.NFBxpNpBxp

_q ^ Ipxqqqqsp∼tqqss pλp.H
_pq

3 Adding Backwards-looking Operators to In-
tensional Type Logic

3.1 Implementing backwards-looking operators in IL

(32) YIL cf. Yanovich (2015)

For any type τ P TIL

a. JxKM,pwc,tcq,ρ,n,g “ gpxq
b. JcKM,pwc,tcq,ρ,n,g “ FM pcqpρpnqq
c. Jrα “ βsKM,pwc,tcq,ρ,n,g “ 1 iff JαKM,pwc,tcq,ρ,n,g “ JβKM,pwc,tcq,ρ,n,g

d. JαpβqKM,pwc,tcq,ρ,n,g “ JαKM,pwc,tcq,ρ,n,gpJβKM,pwc,tcq,ρ,n,gq
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e. Jrλx.αsKM,pwc,tcq,ρ,n,gpuq “ JαKM,pwc,tcq,ρ,n,grx{us

f. Jr^αsKM,pwc,tcq,ρ,n,gpiq “ JαKM,pwc,tcq,ρrn`1{is,n`1,g

g. Jr_αsKM,pwc,tcq,ρ,n,g “ JαKM,pwc,tcq,ρ,n,gpρpnqq
h. J BlrϕKM,pwc,tcq,ρ,n,g “ JϕKM,pwc,tcq,ρrn`1{pρplq1,ρprq2qs,n`1,g

i. JNϕKM,pwc,tcq,ρ,n,g “ JϕKM,pwc,tcq,ρrn`1{pρpnq1,tcqs,n`1,g

j. JAϕKM,pwc,tcq,ρ,n,g “ JϕKM,pwc,tcq,ρrn`1{pwc,ρpnq2qs,n`1,g

(33) a. J BlrϕKM,pwc,tcq,ρ,n,g “ J^ϕKM,pwc,tcq,ρ,n,gpρplq1, ρprq2q
b. JNϕKM,pwc,tcq,ρ,n,g “ J^ϕKM,pwc,tcq,ρ,n,gpρpnq1, tcq
c. JAϕKM,pwc,tcq,ρ,n,g “ J^ϕKM,pwc,tcq,ρ,n,gpwc, ρpnq2q

(34) p@xqrMpxq Ñ HpSpxq Ñ B00pFBxpNpBxp B61pIpxqqqqqqqs (” (29))

(35) p@xqrMpxq Ñ HpSpxq Ñ FBxpNpBxp B51pIpxqqqqqqs (” (30))

(36) p@xqrMpxq Ñ HpSpxq Ñ NFBxpNpBxp B61pIpxqqqqqqs (” (31))

3.2 From YIL to IL

(37) Theorem
Let M,M˚, g, g˚ and pwc, tcq be as in (26), and let ρ be a sequence of
indices (in W ˆ T ) such that ρpkq “ g˚pikq for any k.

a. If τ P TIL, α P YILτ , and g˚pi0q “ g˚pcq, then:

JZ0pαqKM
˚,g˚ “ JαKM,pwc,tcq,ρ,0,g.

b. If ϕ P YILt, then:
JZ0pϕqKM

˚,g˚ “ JϕKM,pwc,tcq,ρ,0,g.

(38) Corollary

a. For any α P YILτ such that σpαq “ 0, there is a γ P ILτ such that
for any M , pwc, tcq, g, and ρ:

JαKM,pwc,tcq,ρ,0,g “ JγKM,pwc,tcq,pwc,tcq,g.
b. For any ϕ P YILt there is a ψ P ILt such that for any M , pwc, tcq,

pw, tq, g, and ρ:
JϕKM,pwc,tcq,ρ,0,g “ JψKM,pwc,tcq,pw,tq,g.

(39) Translation

a. Znpxq “ x
b. Znpcq “ cpinq
c. Znprα “ βsq “ rZnpαq “ Znpβqs
d. Znpαpβqq “ ZnpαqpZnpβqq
e. Znprλx.αsq “ pλx.Znpαqq
f. Znpr

^αsq “ pλin`1.Zn`1pαqq
g. Znpr

_αsq “ Znpαqpinq
h. Znp Blrϕq “ rλp.pDjqr∼w pjqpilq ^ ∼t pjqpirq ^ ppjqsspZnp

^ϕqq
= rλp.pDjqr∼w pjqpilq ^ ∼t pjqpirq ^ ppjqsspλin`1.Zn`1pϕqq
i. ZnpNϕq “ rλp.pDjqr∼w pjqpinq ^ ∼t pjqpcq^ppjqsspλin`1.Zn`1pϕqq
j. ZnpAϕq “ rλp.pDjqr∼w pjqpcq ^ ∼t pjqpinq^ppjqsspλin`1.Zn`1pϕqq

(40) Z0pαq ” α, for any IL-term α.

(41) Lemma
Let M,M˚, g, g˚ and pwc, tcq be as in (26), and let ρ be a sequence of
indices (in W ˆ T ) such that ρpkq “ g˚pikq for any k. Then for any
τ P TIL, α P YILτ and natural number n:
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JZnpαqKM
˚,g˚ “ JαKM,pwc,tcq,ρ,n,g.

(42) JαKM,pwc,tcq,ρ,0,g “ JαKM,pwc,tcq,ρp0q,g, for any IL-term α.

(43) Theorem (Zimmermann, 1989, 75)

If β P Ty2τ meets conditions a.–c., then there is a γ P ILτ such that γ
is logically equivalent to β.

a. τ P TIL;
b. if c is a constant occurring in β, then c is a constant of some type

xs, σy, where σ P TIL;
c. if x is a variable occurring freely in β, then x P Varσ Y ti0u where

σ P TIL.

4 Remaining issues

• Compositionality Cresswell (1990), Schlenker (2006)

• Twisted senses Zimmermann (2018)
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