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Abstract

Realistic lava flow models require a comprehensive understanding of the rheological properties of lava under a
range of stress conditions. Previous measurements have shown that at typical eruption temperatures lavas are non-
Newtonian. This is commonly attributed to the formation and destruction of crystal networks. In the present study,
the effects of bubbles on the time-dependent, non-Newtonian properties of vesicular melts are investigated
experimentally using analogue materials. The shear-thinning behaviour of bubbly liquids is shown to be dependent on
the previous shearing history. This thixotropic behaviour, which was investigated using a rotational vane-viscometer,
is caused by delayed bubble deformation and recovery when subjected to changes in shear stress. The viscoelastic
transition and the transient flow behaviour of analogue fluids were studied using both a rotational vane-viscometer
and oscillatory shear apparatus. These experiments have shown that vesicular suspensions are viscoelastic fluids with
a yield strength, power law rheology, and a non-zero shear modulus. These properties are also found in polymer fluids
commonly used as analogue materials for lava such as gum rosin. We show that, when materials with this rheology
are accelerated in channels, they may be fragmented, and when they flow through a narrowing conduit, pulsating flow
can develop as a consequence of a transition from slip to non-slip conditions at the conduit wall. This has important
implications both for effusive and explosive volcanic eruptions.
/ 2003 Published by Elsevier B.V.
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1. Introduction

Reliable rheological data are essential for mod-
elling eruptive volcanic processes (Marsh, 1987).
However, di¡erent rheological models are com-

monly used in simulations. For example, in some
lava £ow simulations, lavas are assumed to be-
have as Newtonian £uids (Keszthelyi and Self,
1998). In others, e.g. Pinkerton and Wilson
(1994), Dragoni (1993) and Miyamoto and Sasaki
(1998), Bingham behaviour is assumed, and vis-
coelastic Maxwell behaviour has been used by
Dragoni and Tallarico (1996). While there are
many circumstances where such approximations
can prove useful, there is clearly a need for a
reassessment of the appropriateness of di¡erent
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rheological models in volcanology. In this con-
tribution we present evidence that suggests that
there are many circumstances where none of
the above rheological models are appropriate.
We argue that realistic modelling of many volca-
nological processes needs to take into account
changes in rheological properties during £ow
caused by reversible structural changes in vesicu-
lar or crystalline lavas. The question is how to
parameterise their time dependent viscosity and
what kind of parameter may be used to quantify
the build-up and breakdown of transient struc-
tures in magmas.

The temporal variations in lava £ow rheology
can be caused by one or more of the following:
thixotropic e¡ects arising from vesicle deforma-
tion (elongation and subsequent change of orien-
tation); viscoelastic properties of the melt matrix
itself ; and the onset of a dynamic yield strength.
We investigated the relative importance of these
experimentally. In the ¢rst set of experiments we
studied the thixotropic properties of bubbly
liquids using a rotating shear vane, and in the
second set of rotating shear vane experiment we
measured the shear-thinning behaviour of a vis-
coelastic foam. We also used oscillatory torque
experiment to investigate the importance of the
viscoelastic properties of a bubble-free polymer
that is commonly used to simulate lava £ows.

As a theoretical introduction to the subject we
begin with a brief review of the rheological prop-
erties of lavas. This highlights the need for addi-
tional experimental measurements on low temper-
ature analogue £uids.

2. Transient rheology of lavas

Rheological properties of lava are a function of
the chemistry, temperature, crystallinity and vesic-
ularity of silicate melts of which they are com-
posed. They are also related in a complex way
to the degassing and thermal history of a £ow
(Sparks and Pinkerton, 1978; Marsh, 1981, 1987;
Lipman et al., 1985). At temperatures above the
liquidus, the viscosity of lava at any given temper-
ature is readily estimated from its chemical com-
position (e.g. Shaw, 1972). However, most lavas

are erupted at temperatures below their liquidus,
and suspended crystals and bubbles transform the
behaviour of magmas from simple Newtonian £u-
ids to more complex rheological materials (Shaw
et al., 1968; Shaw, 1969; Pinkerton and Sparks,
1978; Pinkerton and Norton, 1995; Norton and
Pinkerton, 1997). In following discussion, we need
to clearly distinguish between the rheology of a
melt, by which we mean a fully dense silicate melt
or groundmass glass; and lava, which is com-
posed of melt, crystals and bubbles in varying
proportions.

Laboratory measurements of the rheological
properties of crystalline-rich 1983 Etnean lavas
by Pinkerton and Norton (1995) showed that
they were Newtonian at temperatures above
1120‡C. At lower temperatures, they behaved as
pseudoplastic £uids with a yield strength. Labo-
ratory measurements were compatible with appar-
ent viscosities measured on the same lavas in the
¢eld. The di¡erence in the rheological behaviour
at di¡erent temperatures was attributed to their
di¡ering crystal and vesicle content. If rheological
measurements are conducted at stresses much
higher than the yield strength, pseudo visco-plas-
tic rheology is observed. The same lavas subjected
to stresses comparable or less than the yield
strength exhibit a power low rheology, and at
stresses much smaller than the yield strength the
‘second’ Newtonian viscosity, so-called creep
rheology, may be observed (Barnes, 1997). In ad-
dition to pseudoplasticity, many melts exhibit
time-dependent behaviour. This time-dependent
phenomenon arises from shear thinning (thixotro-
py) or shear thickening (negative thixotropy or
rheopectic behaviour) of a viscous £uid subjected
to a constant strain-rate (Cheng and Evans,
1965). Traditionally, thixotropy is attributed to
structural changes that take place in a material
during deformation as a function of time (see re-
view by Barnes, 1997). In this sense, thixotropic
behaviour may be understood in terms of micro-
structural breakdown under increased strain-rates
or shear stresses, followed by restoration of struc-
ture when these are reduced. In common with
previous measurements on Hawaiian lavas (Shaw
et al., 1968; Shaw, 1969), Etnean lavas were
shown (Pinkerton and Norton, 1995) to be thixo-
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tropic at temperatures below 1120‡C. During runs
at lower temperatures, the viscosity increased on
shearing. This rheopectic (shear thickening) be-
haviour is a consequence of either shear-induced
crystallisation (Kouchi et al., 1986) or a dilatancy
of crystal grains in shear zones (Smith, 1997).

Pinkerton and Norton (1995) also noted that
there was both ¢eld and laboratory evidence of
viscoelastic behaviour. During the 1983 eruption
of Mount Etna, the proximal channel had a cen-
tral upward bulge of 0.42 m which they argue was
caused by a negative second normal stress (i.e. the
di¡erence between the axial and the vertical nor-
mal stresses; see Spera et al., 1988). Evidence of
viscoelasticity was also noted during laboratory
measurements on crystalline lavas. There was a
distinct lower limit at which it was possible to
make realistic rheological measurements. Over a
temperature range of less than 6 degrees, the be-
haviour of the lava changed from a material
whose deformation was controlled mostly by vis-
cosity to one in which there was considerable elas-
tic rebound of the spindle during insertion into
the lava.

The factors controlling the development of a
non-Newtonian rheology in crystallising melts
have been reviewed by Pinkerton and Stevenson
(1992) and Saar et al. (2001). Pinkerton and Ste-
venson (1992) concluded that non-vesicular basal-
tic melts can be approximated as Newtonian £u-
ids at crystal concentrations less than 25 vol%,
whereas at higher crystal concentrations, they be-
have as pseudoplastic materials with a yield
strength. One of the reasons for the departure
from Newtonian behaviour of crystalline melts is
the development of a 3-D framework of crystals.
For example, if a lava is composed of crystals
with axial ratios of 10:1, a bridging framework
can begin to form at concentrations as low as
10^20% (Pinkerton and Stevenson, 1992; Hoover
et al., 2001; Saar et al., 2001). This framework,
once established, will inhibit £ow movement at
low stresses, and a yield strength will develop.
Once this framework is destroyed by shearing,
crystals will become oriented parallel to the
main shearing direction and the apparent viscosity
will be reduced. One of the interesting consequen-
ces of this model is that it can explain not only

the reason for the formation of a yield strength
and pseudoplasticity in lavas, but also thixotropy.
If stresses are reduced, crystals will no longer fol-
low streamlines, and a 3-D framework could be
rebuilt.

The e¡ects of bubbles may be even more sig-
ni¢cant than crystals, and they can induce non-
Newtonian behaviour at even lower concentra-
tions. This has been highlighted in recent theoret-
ical and experimental studies of the rheological
properties of bubble-bearing magmas (Manga et
al., 1998; Stein and Spera, 2002; Rust and Man-
ga, 2002a,b). At low shear stresses, surface ten-
sion resists bubble deformation and the bubbles
e¡ectively behave as rigid solids. Consequently,
the viscosity of bubble-rich £uids is higher than
its bubble-free equivalent. However, at high
strain-rates, bubbles deform sub-parallel to £ow
direction and consequently the £ow lines are not
as highly distorted as they are when the bubbles
are spherical. Under those conditions the appar-
ent viscosity is reduced (Stein and Spera, 1992;
Pinkerton and Norton, 1995; Manga et al.,
1998; Llewellin et al., 2002; Stein and Spera,
2002; Rust and Manga, 2002a,b).

The critical point to emerge from the above
discussion is that not only do bubbles and crystals
account for a deviation from Newtonian £ow be-
haviour on a shear stress-strain-rate graph, but
also both bubble deformation and crystal orienta-
tion parallel to £ow direction are recoverable.
Consequently, lavas containing bubbles will ex-
hibit thixotropic behaviour and lavas with crystals
can behave either as thixotropic or rheopectic ma-
terials, and possibly both!

The observed elastic behaviour of lavas will ei-
ther take place at low temperatures when exten-
sive crystal networks are present, or when they
contain high bubble contents. Elasticity can devel-
op in vesiculating magmas because, during bubble
growth, vesicles become surrounded by a thin
melt shell with a signi¢cantly reduced amount of
volatiles. This volatile-depleted shell will have a
relatively high viscosity, as has been observed in
decompression experiments using Gum rosin-ace-
tone (Mourtada-Bonnefoi and Mader, 2001) and
in rhyolite melts (Stevenson et al., 1997; Steven-
son et al., 2001). Another reason for elasticity is a
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rim of nucleated crystals around a vesicle.
Although the viscosity of magmas with deform-
able vesicles decreases at high strain-rates CaE1
(Ca is a capillary number, see Appendix) and at
large strains (Stein and Spera, 1992; Pinkerton
and Norton, 1995; Manga et al., 1998; Llewellin
et al., 2002; Manga and Loewenberg, 2001; Stein
and Spera, 2002; Rust and Manga, 2002a,b), the
highly viscous skin around bubbles may produce
an opposite e¡ect. The origin of a thin shell with a
high viscosity is due to degassing of the melt.
When the temperature T of a melt with volatiles
exceeds the glass transition temperature Tg, the
bulk of melt will be viscous. However, in the shell
around a growing bubble T6Tg, because melt
will be depleted in volatiles and because Tg de-
creases with increasing water content (e.g. Steven-
son et al., 1997, 2001).

In this paper we consider mostly the e¡ect of
bubbles on the time dependent properties of ve-
sicular suspensions. We will show that bubble
stretching and deformation processes can explain
the observed thixotropic behaviour of lavas.

3. Thixotropy of lava £ows and bubble deformation

Thixotropic properties may be important when
the shear strain-rate varies in time or across a lava
£ow section. As a starting point we consider a
lava £ow as a suspension of bubbles in a melt
with thickness h situated on a sloping plane and
subjected to a shear stress due to the gravity (Fig.
1). The well known solution of the problem for a
velocity v(z) and stress pro¢le czx in viscous £ow
with constant viscosity W and variable thickness h
along the slope length L is :

vðzÞ ¼
bg sinK3

dh
dL

W cosK
� �

2W
zð2h3zÞ;

c zx ¼ bg sinK Wðh3zÞ3dh
dL

W cosK
� �

3cY ð1Þ

where W is shear viscosity of lava, K is slope angle,
b is density, h is thickness of a £ow, and cY is
bulk yield strength (Landau and Lifshitz, 1987;
Miyamoto and Sasaki, 1998). The gradient of

Fig. 1. Sketch of the mechanism of lava £ow thixotropy due to bubble stretching and recovery. On shallow slopes the crust of a
£ow contains spherical to sub-spherical vesicles. If the £ow encounters a steep gradient, bubbles are stretched, causing a decrease
in apparent viscosity, acceleration of a £ow and thinning of the £ow.
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the underlying ground (sin K) may vary along the
distance of a lava £ow L which means that a liq-
uid will be subjected to a variable strain-rate. This
variation in strain-rate or shear stress pro¢le
along the length of lava £ow may cause a signi¢-
cant stretching and subsequent relaxation of
vesicle shape, and this will a¡ect the apparent
viscosity of a £ow (Fig. 1). The present study
aimed to improve our understanding of about dif-
ferent aspects of transient magma £ows. The tran-
sient £ow of lava may arise from vesicle deforma-
tion, or from viscoelasticity of £uid itself, or from
non-Newtonian rheology and yield strength due
to a high volumetric proportion of vesicles.

As a simple parameter of bubble deformation
we introduce an aspect ratio V= d/D of a vesicle,
where d and D are the smallest and largest vesicle
diameters. This parameter varies from 1 (a sphere)
to 0 (a highly elongate ellipse) and may be used as
a structural parameter for a lava £ow. The depen-
dence of a deformation parameter from a dimen-
sionless shear rate (Capillary number) Ca has
been provided elsewhere (Manga et al., 1998;
Rust and Manga, 2002b). We can then apply a
model of a thixotropic £uid developed by Cheng
and Evans (1965), and Cheng (1974, 1986) to a
vesicular lava £ow. Cheng and Evans (1965) ar-
gued that the stress-strain equation depends on
the £uid model (for example, see Appendix) and
must be completed with a kinetic equation of the
structural parameter V. The general form of this
kinetic equation is a rate of shape relaxation _

VV as
a function of a structural parameter V, viscosity of
a liquid matrix W and shear strain-rate _QQ .

dV
dt

¼ AWð13V ÞB3CWV Wð _QQ ÞE ; ð2Þ

where A, B, C, E are constants of a particular
£uid (Barnes, 1997). When B=E=1 and A= d

31

(d is a characteristic relaxation time of a structure

at rest upon a cessation of steady £ow, Eq. 2
takes the form of a Frederickson kinetic equation
(Bautista et al., 1999). The ¢rst term in the right
hand side of Eq. 2 is responsible for a recovery of
a £uid structure (bubble shape) at rest, the second
term de¢nes an equilibrium structure parameter
(aspect ratio of a bubble under extension) of a
£uid in a £ow with a constant shear rate or Capil-
lary number Ca. When E=1 in Eq. 2, the impor-
tance of thixotropic e¡ects in a £uid depends on a
dimensionless number (C/A)W _QQ , which is called
thixotropic Deborah number (Mujumdar et al.,
2002). The combination of the kinetic equation
Eq. 2 with a stress-strain relationship of a partic-
ular £uid model expressed in terms of strain-stress
di¡erential equation (see Eq. A1 in the Appendix)
can predict the non-Newtonian behaviour, thixo-
tropic loops and apparent yield strengths in lava
£ows (Bautista et al., 1999). We de¢ne yield-stress
as the e¡ective stress above which the viscosity is
pseudo-plastic with a break-down structure, and
below which the rheology is of a creep-type when
an equilibrium structure is still preserved.

In the case of a £uid containing vesicles we may
assume that the structural parameter (V) is a de-
formation parameter of a vesicle in a sheared £u-
id, and Eq. 2 may be constructed on the base of
laboratory experiments with analogue liquids
(Rust and Manga, 2002b). According to their ex-
periments in a steady-state ( _VV =0) the deforma-
tion parameter depends only on the dimensionless
strain-rate or Capillary number Ca= (aWWW _QQ /y),
where a is an e¡ective diameter of vesicles, W is
a shear viscosity of £uid, and c is a surface ten-
sion of £uid, and the rate of bubble shape resto-
ration after cessation of deformation ( _QQ =0) ex-
ponentially decaying function with the relaxation
time of a bubble shape d= (aWW/y) (Rust and Man-
ga, 2002b). Thus, Eq. 2 for a £uid containing
bubbles may be rewritten as follows:

Table 1
Parameters of thixotropic behaviour of a suspension with ca. 10 vol% of vesicles

K m Reference

Set 1 for Eq. 5 0.625 1.43 Rheological data of Rust and Manga (2002a) for BV10 vol%, W8 = 0.79, W0 = 1.12
Set 2 for Eq. 5 0.784 1.61 Rheological data of Rust and Manga (2002a) for Bs 10 vol%, W8 = 0.78, W0 = 1.12
Set 3 for Eq. 3 2.39S 0.12 1.20S 0.06 Deformation parameter data of Rust and Manga (2002b, ¢g. 3)
Set 4 for Eq. 3 5.09S 0.35 1.32S 0.05 Deformation parameter data of Rust and Manga (2002b, ¢g. 4)
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d
dV
dt

¼ ð13V Þ3V WK WCam; ð3Þ

where numerical constant K and exponent m are
obtained by ¢tting the data in ¢g. 3 from Rust
and Manga (2002b), and they are listed in Table
1. In the ¢tting procedure the di¡ering de¢nition
of a deformation parameter (D) from Rust and
Manga (2002b) is taken into account. The numer-
ical constant 0.67 in the exponential decay func-
tion in Fig. 6 (Rust and Manga, 2002b) is omitted
in the present study because of di¡ering de¢ni-
tions of D/a and V (a/DVV

2=3). Eq. 3 fully de-
scribes transient bubble elongation in a shear
£ow with a dimensionless strain-rate Ca and the
rerounding of vesicles when strain-rate is reduced
to zero. The same power low dependence of the
suspension viscosity as a function of Ca must be
observed in a Cross equation (Cheng, 1982). Eq. 3
demonstrates that the deformation parameter V

can be considered as a characteristic of the thix-
otropic behaviour and the di¡erence in shear vis-
cosity at high (CaE1) and low (CaI1) strain-
rates is due to the relaxation of V. According to
the de¢nition of thixotropy given by Cheng
(1982), the thixotropic material can transform be-
tween di¡erent structural states under applied
shear rate or strain. The rate of recovery in thix-
otropic material depends on the current structural
level which is the case of Eq. 3. According to the
de¢nition of the thixotropic Deborah number, if
KWCamE1, thixotropic e¡ects should be consid-
ered in predicting the stress response (Mujumdar
et al., 2002). Although the relaxation time of bub-
ble rerounding depends only on £uid properties,
the rate of this process depends on the achieved
deformation parameter V, and Ca. In equilibrium
the deformation parameter Ve is solely a function
of Ca :

V e ¼ ð1þ K WCamÞ31: ð4Þ

The shear viscosity of lava with vesicles which

appeared in Eq. 1 is a viscosity of a bubbly sus-
pension W=Wsilicate melt* Wrel . Material parameters
in the strain-stress di¡erential equation such as
viscosity W have to be dependent not only on a
volume fraction of crystals or bubbles (see Llewel-
lin et al., 2002) but also on a shape (structure)
parameter V. Indirectly this information has
been obtained in experiments of Rust and Manga
(2002a). The relative viscosity of a dilute suspen-
sion has been obtained from the experiments with
analogue liquids:

W rel ¼ Wr þ W 03Wr

1þ K WCam
; ð5Þ

where Wr and W0 are suspension relative shear
viscosities at CaE1 and I1, respectively (Rust
and Manga, 2002a). The estimated values of Wr

and W0 for a suspension with ca. 10 vol% of
vesicles are listed in Table 1. The di¡erence in
the exponents and coe⁄cients in Eqs. 2 and 3
taken from Rust and Manga (2002a,b) may be
attributed to the ¢tting procedure and experimen-
tal errors of the Ca estimations. In theory, they
should coincide (Cheng, 1982). For convenience
we used K and m from ¢tting of viscosities data
(Rust and Manga, 2002a,b). In a steady-state
under constant Ca, the deformation parameter V

is a unique function of Ca which follows from the
right hand side of Eq. 3. The time-dependence of
Wrel is therefore due to the time dependence of V,
which obeys Eq. 3. Thus, the temporal variation
of lava £ow on a slope of a volcano with a known
topography including the thixotropic e¡ect of the
vesicles elongation and rerounding (non-Newto-
nian rheology of a £ow) may be estimated by
solving Eqs. 1, 3 and 5.

In Section 4 we present the results of a series of
rheological measurements on laboratory analogue
materials. Measurements have been made using
torsion deformation and a rotational vane-visco-
meter (Table 2). In these experiments we deter-

Table 2
Materials used in laboratory experiments with rotational viscometer and torsion oscillatory shear

Sample Temperature Measured properties Fluid properties

Aqueous foam 25‡ Yield strength: step in strain-rate, step-in-shear strain Air bubbles ca. 90 vol%
Golden syrup 25‡C Stress relaxation: step in strain-rate, rotational viscometry Air bubbles ca. 10 vol%
Gum rosin 25^60‡C Oscillatory shear: shear modulus, internal friction Homogeneous liquid
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mined yield strengths, frequency dependent shear
moduli and viscosities and used these to construct
a viscoelastic model of a bubble-bearing liquid
that can be applied to lava and magma £ow mod-
elling.

4. Experiments

4.1. Thixotropy of bubbly liquid

For many £uids, the apparent viscosity varies
with time as well as with applied shearing stress.
There are two possible explanations for this be-
haviour. One relates to bubble deformation; the
other to crystal interaction. During the initial £ow
of multiphase viscous £uids, elongate particles
may form a bridging framework tending to align
along the £ow lines. This will decrease the bulk
viscosity, resulting in thixotropic (shear thinning)
behaviour as we demonstrated in Section 3. For
thixotropic materials, the apparent viscosity re-
turns to the unsheared value when the sample is

left undisturbed for a su⁄cient time for the struc-
ture to become re-established. When modelling
processes that operate in a step-wise manner, for
example during periodic eruptions or surges in
lava £ows, or when lavas move from shallow to
steep slopes, the yield strengths and apparent vi-
cosities can change.

Controlled strain-rate experiments on bubbly
non-surfactant £uids using a rotational viscome-
ter were used to investigate the thixotropic behav-
iour of vesicular melts. In these experiments a
suspension of golden syrup with ca. 10 vol% by
volume of air bubbles were used.

On a stress-strain-rate plot the strategy of ex-
periments may be explained by referring to Fig. 2.
The general dependence of shear stress on strain-
rate of melt containing ca. 10 vol% of vesicle can
be obtained from Eq. 5:

c ¼ y

a
W Wr þ W 03Wr

1þ K WCam

� �
WCa; ð6Þ

where surface tension at the bubble-£uid interface
yV0.08 N/m and aV4 mm. Eq. 6 is valid for

Fig. 2. Principle of isostructural (V= const) and equilibrium viscosity measurements using a starting suspension with di¡ering bub-
ble stretching parameter V. The family of stress^strain-rate curves characterises the viscosity of a £uid with constant bubble elon-
gation parameter V (Eq. 6). Along each curve V is constant. By contrast, the equilibrium stress^strain-rate curve represents the
data corresponding to a di¡ering V(Ca) according to Eq. 6 (marked by arrows). Parameters K and m are taken from Table 1, set
1. Wr =0.78, W0 = 1.12 are calculated from Rust and Manga (2002a) for BV10 vol%.
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long run experiments, when the deformation pa-
rameter attains a steady-state value Ve (see Eq. 4).
The nature of the viscosity dependence of shear
viscosity on Ca lies in the variation of V. In non-

steady-state the viscosity of a suspension depends
on a non-steady-state V ;(t) : WVWr+(W03Wr)WV.
Thus, the family of curves may be plotted as fol-
lows:

Fig. 3. Principle of step-change in strain-rate experiment using a rotational vane-viscometer (redrawn from Cheng, 1986). The
equilibrium V corresponds to Ca0. The V changes after imposing positive (Ca1, Ca2) and negative (Ca3, Ca4) steps in strain-rate.
The rate of stress relaxation L is proportional to the step amplitude in Ca and relaxation of rate of _

VV .

Fig. 4. The rate of change of stress at constant strain-rate as a function of structural parameter V. For suspensions of bubbles V

characterises a stretching state of a vesicle. Curves represent the relationship L= (dc/dt) = (y/a)W(W03Wr)W _VV WCa, where _
VV calculated

using Eq. 3. Parameters K and m for calculation of _
VV are taken from Table 1, set 1. Wr =0.78, W0 = 1.12 are calculated from

Rust and Manga (2002a) for BV0.1. Arrows indicate Ca, at which L(Ca) = 0.
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c ¼ y

a
W½Wr þ ðW 03WrÞWV �WCa ð6AÞ

This family of stress-strain-rate relationships
characterises the rheology of a bubbly liquid.
Each curve in this family corresponds to a certain
stretched bubble shape V (Fig. 2). The equilibrium
or measurable curve intersects the isostructural
curves.

If the measurement lasts long enough and a
steady-state value of V is attained, then the mea-
sured viscosities are on the equilibrium curve (Fig.
2). But immediately after a step-change in strain-
rate, the point moves on a curve with a constant
V. After a certain time the stretching parameter V
drifts to another steady-state value (according to
Eq. 2) and the point moves on the stress-strain-
rate map from the curve with one value of V to
another.

Finally, the equilibrium viscosity curve repre-
senting data for di¡ering structural parameters
of a thixotropic liquid or for di¡ering values of
the stretching parameter of bubbles may be con-
structed on the base of step-change in strain-rate
experiments. The method of testing for thixo-

tropic behaviour is described by Cheng (1986)
and illustrated in Fig. 3. After a step-change in
strain-rate the suspension tends to attain another
value of the deformation parameter and the shear
stress decays with time. The step-change in strain-
rate was repeated for a range of reference strain-
rates and a range of steps in strain-rates. The
thixotropic properties of the bubble bearing £uid
can be characterised by a map of parameter
L= (dc/dt) _QQ , the rate of change of shear stress
at constant strain-rate. A general view of the
L-strain-rate relationship for a suspension with
ca. 10 vol% based on experimental data of Rust
and Manga (2002a,b) vesicles is presented in Fig.
4. Positive and negative L correspond to positive
and negative steps in step-change in strain-rate.
The intersection of the L curve with the x-axis is
a reference strain-rate when Lr0.

During the ¢rst set of experiments, a Haake
RV3 rotational vane-viscometer was used to de-
termine whether aerated Golden Syrup behaves as
predicted by the thixotropic model of Cheng and
Evans (1965). The Golden Syrup, which con-
tained ca. 10 vol% of air bubbles, has a Newto-

Fig. 5. Shear stress relaxation rate from starting strain-rate (numbers in legend column) to a ¢nal strain-rate. Results of measure-
ments of parameter L in suspension of Golden syrup with ca. 10 vol% of air bubbles using a step-strain-rate method. Numbers
in the legend are initial strain-rates corresponding to L=0. The ¢gure is similar to the theoretical prediction of parameter L for
thixotropic £uids shown in Fig. 4. The insert shows data at CaE1. The deformation parameter V is calculated using Eq. 3 and
parameters K and m from Table 1, set 4.
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nian viscosity of 102 Pa s at 20‡C. Bubbles were
introduced, using a controllable compressed air
injection system, through sintered glass that
formed the base of the vessel containing the £uid.
The volume fraction of vesicles has been esti-
mated from a volume increase after aeration.
The average size of vesicles was ca. 2^4 mm.
The aerated Golden Syrup was deformed under
a constant strain-rate (constant rotational speed
of the vane was converted to the strain-rate).
The estimated strain-rates varied from 0.26 to
2.65 s31 for a su⁄cient length of time to ensure
a constant apparent viscosity and a bubble defor-
mation parameter V. The measured torque was
monitored as a function of time after each step
in applied strain-rate and converted to a shear
stress using a calibrated rotational vane-viscome-
ter. The structural parameter (or bubble elonga-
tion in these experiments) attained a steady-state
value at this point. A step-change in strain-rate
was applied and a time-dependent shear stress
was then monitored. The time derivative of the
shear stress (L Pa/s) immediately after a step-
change in strain-rate is a function of the step am-
plitude in strain-rate. The step-change in strain-
rate can be performed at either increasing or de-
creasing step-changes of di¡erent amplitude. The
increasing and decreasing steps in strain-rate were
performed in a vane-viscometer from 0.26 to 2.65
s31. Rotation rates were converted into strain-
rates using a viscometer head calibrated using a
set of standard £uids with viscosities in the range
1^60 Pa s (Corning Corp.0).

Fig. 5 shows the results for Golden Syrup at
20‡C containing about ca. 10 vol% bubbles, and
it clearly demonstrates the e¡ect of a decrease in
shear stress rate L (Pa/s) as a function of strain-
rate. The number in the legend indicates a starting
(reference) strain-rate at which the shape of bub-
bles was steady-state.

The similarity of the family of curves in Figs. 4
and 5 indirectly con¢rms the idea of the thixo-
tropic nature of bubble suspensions. In recent
work by Llewellin et al. (2002) the e¡ect of a
dynamic capillary number Cd on the transient
rheology of vesucular suspension has been
studied. The authors performed experiments
with linear increase and decrease of Ca. In this

case L= (dc/dt) = (y/a)W(W03Wr)W _VV WCa+(y/a)W(W03

Wr)WVWCaWdWCd. In our approach the second term
of this relationship is set to 0, because the experi-
ments were performed with a constant shear rate
or Ca.

From ¢eld observations of Etna basaltic lava
£ows, the width and thickness of lava £ow change
with topographic relief. This may be accompanied
by changes in lava rheology, which is sensitive
to both bubble and crystal content. On shallow
slopes, when a lava £ow moves relatively slowly,
the shape of bubbles achieves an equilibrium
spherical form. On steeper slopes, when a £ow
accelerates, bubbles become stretched due to in-
creased shear stresses within the characteristic
time scale d= (aWW/y), where W is the Newtonian
shear viscosity of the bulk melt, a is the radius of
a gas bubble and y is the surface tension at the
interface between the gas and melt. At the point
when a lava £ow accelerates, the main stretching
of vesicles occurs. Thus the dependence of the
slope angle as a function of time may be impor-
tant to predict the decrease in apparent viscosity
of a lava £ow. The change in speed accompanying
a change in gradient causes changes in bubble
shape that can be calculated from the Capillary
number Ca (Pinkerton and Norton, 1995; Manga
et al., 1998), and the e¡ect of this on rheology has
been studied by Llewellin et al. (2002) who recog-
nised the e¡ect of £ow variations on rheology via
dynamic Capillary number Cd (see Appendix). In
an accelerating lava £ow, the shear viscosity and
shear stresses may decrease at a rate L because of
bubble stretching. In thixotropy terms, this means
that the liquid changes to a new value of the
structural parameter or the elongation shape of
bubbles V according to a new value of the
strain-rate _QQ or Ca (see Eq. 3). Decrease of the
apparent viscosity under shear as a function of
time is a consequence of the coupling between
£uid structure, in our case bubble shape V, and
viscosity. Numerically this situation has been
modelled by Manga and Loewenberg (2001).
Thus, in lavas and magmas containing gas bub-
bles the thixotropic e¡ect may stem from the fact
that gas bubbles tend to be stretched during ac-
celerated shear £ow.

Comparing Figs. 4 and 5 we conclude that the
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coupling between shear stress and viscosity may
be due to changes in the internal ‘structural pa-
rameter’ of the £ow or deformation of gas bub-
bles. The shear stress relaxation rate associated
with bubble stretching and subsequent relaxation
depends on a ¢nal strain-rate. The laboratory re-
sult on Golden Syrup demonstrated the e¡ect of
bubble stretching on a shear stress caused by the
abrupt change in a shear strain-rate which may be
important for a lava that £ows over changing to-
pography.

4.2. Viscoelastic model of foam

Magmas and lavas during vigorous degassing
are highly porous materials. As noted previously,
the presence of vesicles and crystals in a melt sus-
pension results in both a yield strength (Hoover et
al., 2001) and viscoelasticity (James et al., 2004).
In the present section we describe how a rotating
vane-viscometer can be used to measure yield

strengths and viscoelastic properties (shear mod-
ulus and shear stress relaxation time) in an ana-
logue foam.

The viscoelastic response and yield strength of
£uids was measured using a Haake Rotovisco
RV3 rotational vane-viscometer by using the ‘im-
perfection’ of a torque spring viscometer (Cheng,
1986). If a £uid is elastic below a certain level of
shear stress, then, after applying a step-change in
strain-rate, the spring torque will increase linearly
with time. From the slope of a shear stress^time
line the sti¡ness of a viscometer spring s may be
estimated, e.g. the angle of spring deformation
_QQ Wt=T/s, where T is a measured torque (Nm)
and s is a vane spring sti¡ness constant (Nm/
rad). Shear stress calculated from c=T/K, where
K is a geometric factor of the vane in m3 (Liddell
and Boger, 1996). The geometric parameters of
the vane used in experiments are as follows: blade
length= 0.06 m, blade diameter = 0.04 m, calcu-
lated K including corrections to the shaft diameter

Fig. 6. Viscoelastic response of a foam material with 90 vol% of vesicles to a step function of a strain-rate _QQ . The insert shows
the start of experiments at di¡erent strain-rates. The stress corresponding to the deviation from a linear deformation corresponds
to a yield strength. The shear modulus may be estimated from a linear response slope. The decay of shear stress after cessation
of strain-rate provides a Maxwell relaxation time of viscoelastic behaviour.
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(0.004 m) and the excess immersed depth beyond
the blades (0.0065 m) is 1.845 1033 m3 (Avramis
and Turian, 1991). During elastic deformation the
vane is stationary relative to the sample £uid, the
shear stress is c(t) = _QQ WtWs/K. From this linear de-
formation a sti¡ness constant may be estimated
(s/K= ca. 8.6 Pa) in our case. The stress value
where torque starts to deviate from a straight
line corresponds to the static yield strength of a
£uid (see insert in Figs. 6 and 7). It corresponds
to a transition from elastic to viscoelastic response
because of the existence of a yield strength. At
high starting shear rates it is unobservable be-
cause of a limiting stress^time resolution. When
the yield strength is reached elastic stress ceases,
and there is relative motion between the vane and
the testing £uid at a rate equal to the imposed
strain-rate (Liddell and Boger, 1996). The maxi-
mum overshoot de¢nes a dynamic yield strength
(Liddell and Boger, 1996). Once it has attained a
maximum value, the shear stress relaxes exponen-
tially reaching the value of a viscous stress
c=WW _QQ , where W is a Newtonian shear viscosity.
This corresponds to the transition between visco-
elastic to fully viscous behaviour (Fig. 7). The

stress evolution during viscoelastic £ow is depen-
dent on material properties (relaxed shear viscos-
ity W and unrelaxed shear modulus G) as well as
on the applied shear rate. The unrelaxed shear
modulus can then be calculated from W and d,
where W and d are measured from the stress evo-
lution curve and relaxed shear stress. When
strain-rate is reduced to zero, the stress falls ex-
ponentially with a time constant d=W/(G+s/K)
(Fig. 7).

The viscoelastic properties of shaving foams
containing about 90 vol% of bubbles (size aV1
mm) were measured using the above technique at
strain-rates from 0.08 to 0.16 s31 with a Haake
Rotovisco RV3 rotational viscometer. The poros-
ity of foam has been estimated from the volume^
weight measurements. The foam under testing
contained surfactants and the rheological proper-
ties may change with time due to devolatilisation
(Bekkur and Scrivener, 1998). From the observa-
tions of a foam in the viscometer, a noticeable
change in vesicle size and ageing of shaving foams
occurs only after 3^4 h. Our experiments lasted
less then 1 h.

A typical stress-strain time curve obtained using

Fig. 7. Response of a foam to a pulse of a strain-rate: (I) elastic regime of foam deformation; (II) viscoelastic response above a
yield strength level; (III) viscous £ow with a constant viscosity; (IV) exponential decay of shear stress. The insert show a strain-
rate dependent shear modulus as a result of shear thinning behaviour the estimated shear modulus from Maxwell relationship
d=W/G. The decaying of shear stress after cessation of a strain-rate depends on the previous strain-rate and the sti¡ness constant
of the vane-viscometer. The ¢tting line in the insert is G(Pa) = 19.84W((dW _QQ )m/1+(dW _QQ ))m, m=1.6 and d=333 s.
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a rotational vane-viscometer is shown in Fig. 6.
The plot represents a stress response of shaving
foam for a step in strain-rate. The shear modulus
Gr in the shaving foam is V20 Pa (insert of Fig.
7), and was estimated from a stress relaxation
curve (dV8.7 s) and measured shear viscosity W

(172 Pa s). A yield strength has been measured
from a deviation of the stress^strain time curve
from a linear dependence at the start of rotation
(see Fig. 6) to be 3.5^4 Pa. The yield strength
determined as a residual stress remaining after
cessation of the applied strain-rate is 4 Pa.

Yield strength is a stress below which the ma-
terial may be deformed only elastically cW=GWQ
and above which material starts to £ow
c=cY+WW _QQ . Shear modulus G measured at high
strain-rates in dynamic shear experiments is Gr.
The insert in Fig. 7 shows the dependence of
shear modulus on the strain-rate. After cessation
of strain-rate the shear stresses decay not to 0 but
to a ¢nite value of static yield strength cYV4^5
Pa (Figs. 6 and 7). The relaxation time of shear
stresses to ‘residual’ shear stress is determined by
the shear modulus of the foam and static defor-
mation of the viscometer spring T/S, and viscosity
of a foam. The static yield strength estimated
from shear stress increase and decrease is about
the same, but the time constant of stress decay
depends on the previous strain-rate (Ca and V of

vesicles in foam), i.e. on the actual viscosity of the
£uid which turns to be strain-rate dependent. By
comparison, a yield strength measured in protein
foams with ca. 20 vol% porosity is about 40 Pa
(Pernell et al., 2000). In laterite suspension with
35 vol% porosity the measured yield strength is
0.65 Pa (Turian et al., 1997). For oil^water foams
with a porosity from 75 to 98% the yield strength
varies from 4.9 to 101 Pa, respectively (Princen
and Kiss, 1986). In lava rheology the nature of
yield strength has been postulated and studied as
an e¡ect of growing crystal concentration. (Hoo-
ver et al., 2001). The e¡ects of vesicle concentra-
tion and gas overpressure on the yield strength
and non-zero shear modulus has not yet been
fully appreciated by volcanologists. The nature
of a yield strength and non-zero shear static mod-
ulus in foams is di¡erent, but may have a relation
to the case of a decompressed magma with high
volume fraction of vesicles. Non-zero shear mod-
uli in high porosity foams arise because their
shear modulus is proportional to the overpressure
in pores GVvP and is about 3 times larger than
the corresponding yield strength (Princen and
Kiss, 1986).

In Fig. 8 we present results of shear viscosity
measurements of an aqueous shaving foam as a
function of strain-rate. The non-Newtonian de-
pendence of viscosity is a consequence of the

Fig. 8. strain-rate dependence of shear viscosity of a foamed material: WO( _QQ )30:8 obtained from rotational viscometry on a shav-
ing foam with ca. 90 vol% of bubbles.
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shear-thinning behaviour of the foam. The data in
Fig. 8 may be ¢tted either to a linear regression in
a double logarithmic plot:

logðW ; Pa sÞ ¼ C3mW logð _QQ Þ; ð7Þ

or to a Cross model

W ¼ W o

1þ ðd W _QQ Þm; ð7AÞ

where Wo and m are empirical constants. Eq. 7A is
similar to the term for the viscosity in the r.h.s. of
Eq. 6A. Instead of a strain-rate independent New-
tonian behaviour, our experiments indicate a
power law viscosity dependence on strain-rate
with the exponent mV0.8 (Fig. 8). It means
that applying larger strain-rates to the foamed
material the resulting shear stress remains practi-
cally constant cV( _QQ 0:2.

4.3. Oscillatory shear in Gum Rosin

This section deals with the viscoelasticity of a
homogeneous liquid and demonstrates the impor-
tance of strain-rate dependence of shear modulus
in the glass transition temperature range. It is
highly desirable that the viscoelastic transition of
analogue liquids used in laboratory experiments
for modelling magma and lava £ows mimics the
viscoelastic transition of lava, otherwise the tran-
sient £ows studied in the laboratory do not rep-
resent similar £ows of lava and magma. Labora-
tory modelling of £ow fragmentation (Phillips et
al., 1995) demonstrated a number of transitional
£ow phenomena of foams. One of these is peri-
odic stick and slip boundary conditions on the
wall of a shock tube and detached £ow in the
tube centre. This could be a result of combined
viscoelastic and plastic properties of the foam
used in their experiments. This can be studied us-
ing dynamic oscillatory shear to investigate the
yield strength and transient response of analogue
materials.

Gum rosin, an anelastic organic polymer at
room temperature, has been used in shock tube
experiments (e.g. Phillips et al., 1995). The viscos-
ity of Gum rosin with dissolved acetone in the
temperature range 20^40‡C mimics the viscosity
of rhyolite melt with dissolved water. Under de-

compression from acetone saturated pressure to
vacuum the dissolved acetone exsolves and a
foam forms. The annular £ow of the foam in a
shock tube is similar to the £ow of decompressed
magma in a volcanic channel. To what extent do
the viscoelastic properties of Gum rosin in£uence
the character of a £ow in a shock tube?

In order to answer this question a series of
torsion oscillatory shear experiments have been
carried out on Gum rosin samples. A detailed
description of the apparatus may be found else-
where (Bagdassarov, 2000; James et al., 2004). In
our experiments, gum rosin was melted at ca.
100‡C, inserted in an 8-mm-diameter paper tube
and cooled to room temperature. The cylinders of
Gum rosin were then ¢xed between two Al2O3

rods in the torsion apparatus and measurements
of shear modulus and internal friction were made
in the temperature range 20^60‡C and in the fre-
quency range 20^0.001 Hz.

In Fig. 9A,B the results of the frequency (or
strain-rate) dependent complex shear modulus
and internal friction of Gum rosin are presented.
The unrelaxed shear modulus of Gum rosin is ca.
2.3S 0.1 GPa. From these data the maximum of
anelastic behaviour of this polymeric material is
50‡C at 2 Hz and 40‡C at 1 Hz which corresponds
to a maximum of the imaginary component of
shear modulus plotted as function of frequency
(Fig. 9B). Even at the highest temperature
(60‡C) and lowest frequencies (0.002 Hz) used in
the experiments, the shear modulus does not tend
to 0. The plateau can be explained by the exis-
tence of a yield strength, because the low fre-
quency non-zero shear modulus in £uids and sus-
pensions is often correlated with a yield strength
(Nguyen and Boger, 1992; Liddell and Boger,
1996). See Fig. 9A for GV0.160.2 GPa for
Gum rosin at temperatures s 50‡ well above the
viscoelastic transition.

4.3.1. Application to shock tube experiments
In the shock tube experiments performed by

Phillips et al. (1995), explosive eruptions are sim-
ulated by decompressing a system containing
Gum rosin dissolved in acetone. During explosive
events in the shock tube, fragments of foam of
length L detached from the inner surface of a
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tube (of radius R) and accelerated upwards. If a
foam with a liquid density b and liquid fraction B

possesses a yield strength (cy), the forces acting
against the upward force are the weight of a foam
fragment (bWLWZR2WgWB) and the force of the wall
attachment due to a yield-stress (cY W2ZRWLWB).
When a fragment detached from the wall, the
force acting on a fragment due to the decompres-
sion is larger than the sum of two forces slowing
down a fragment: vPWZR2 s bWLWZR2Wg+cY W2ZRWL,
where vP is a driving pressure di¡erence in a con-
duit with a cross section radius R. Consequently,
the maximum length of a typical fragment is
LmaxW(vP/(bg+(2cY )/R)WB). At vP=105 Pa,

cY =1^2W107 Pa, B=5W1033, R=0.01 m, then
LmaxV0.5^1 cm. Here, the value of cY is taken
as a second plateau value of the shear modulus
(Fig. 9A) at low frequencies for Gum rosin with-
out dissolved acetone and divided by a factor 10^
20 (Nguyen and Boger, 1992). This shear modulus
value may be signi¢cantly higher than G for Gum
rosin acetone foams.

5. Discussion and conclusions

(1) Our experiments using analogue £uids have
shown that bubbly suspensions are thixotropic,

Fig. 9. (A). Real, and (B) imaginary components of shear modulus in Gum rosin sample measured using a torsion deformation
device. The strain of oscillatory shear is V1035. Maximum of imaginary component corresponds to the frequency of viscoelastic
transition. Non-zero real component of shear modulus at low frequencies may interpreted as a yield strength (Nguyen and Boger,
1992; Liddell and Boger, 1996).
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viscoelastic £uids with yield strengths. Previous
measurements have revealed that vesicular lavas
and magmas have similar properties. The e¡ective
parameter that may describe the temporal changes
in structure is the deformation parameter of
vesicles during £ow V. In a lava £ow that moves
from a shallow to a steep slope, thixotropy causes
a decrease in apparent viscosity. The response of
a lava to a pulse of an applied strain-rate may be
modelled as follows. For a slope ca. 20^25‡, lava
density 2.5^2.3 103 kg/m3, lava £ow thickness 1 m,
and melt viscosity 106 Pa s, a typical strain-rate
according to Eq. A2 will be V1032 s31. If yV0.3
N/m aV3 1032 m, the typical CaV103. The de-
pendence of shear viscosity on Ca is given by Eq.
5, K and m parameters for PV10 vol% are cited
in Table 1, set 1. The viscosity of the suspension
develops with time from an initial value to a ¢nal
value according to Rust and Manga (2002a). At
t=0 when a strain-rate was applied, viscosity cor-
responds to Ca=0 (vesicles were not deformed),
and at the end it corresponds to Ca= (aW _WW WQ/y),
where W is the viscosity of a fully dense £uid
phase. The relaxation of V is given in Eq. 3, K
and m parameters are from Table 1, set 4. For
viscoelastic stress relaxation, the Maxwell body
model has been used: _cc =GW( _QQ3(c/W)). For thix-

otropic shear stress relaxation we used L= _cc =
(y/a)W(W03Wr)W _VV WCa+(y/a)W(W03Wr)WVWCaWdWCd. Ini-
tial conditions for viscoelastic response c(t=0) =
0, for thixotropic response c(t=0) =WW _QQ . These
equations have been solved numerically using an
evolution method. In Fig. 10 we present stress-
time curves of viscoelastic, thixotropic and com-
bined responses for a pulse of strain-rate. Relax-
ation of the deformation parameter V from 1 to 0
corresponds to a change in the viscosity and shear
stresses in a thixotropic body from the starting
values to steady state values. In the case of vesic-
ular £ow this corresponds to the deformation of
bubbles from spherical to stretched shape. In a
pure viscoelastic body, stresses increase from 0
to a ¢nite value WW _QQ . The combined response
may be with or without overshoot in shear stress-
es. If Cds 0 the time scale of thixotropic relaxa-
tion becomes faster and the combined response
curve has an overshoot. The return of deformed
vesicles to a spherical shape depends on how long
a lava £ow was at rest or at a small strain-rate.
Typically, this will take place when the topo-
graphic gradient decreases. Finally, the overall
rheological behaviour of lavas may be described
by a stress^strain-rate equation of a particular
mechanical model (Maxwell or Je¡rey’s body)

Fig. 10. Response of viscoelastic thixotropic material to an applied pulse of shear rate as a function of time in dMaxwell units,
where dMaxwell is a viscoelastic relaxation time VW/G : (I) deformation parameter of vesicles in the melt, Cd=0; (II) pure viscoe-
lastic response; (III) pure thixotropic response; (IV) combined response; (V) combined response at Cd=1. Stresses are scaled to
the maximum stress. For details of calculation see text.
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combined with a kinetic equation of a structural
parameter V. The overall response of lava £ow to
a change of slope is in£uenced by a combination
of viscoelastic and thixotropic processes. The rel-
ative contribution of thixotropy to the shear stress
relaxation depends on the volume fraction of
vesicles. In a suspension PV10 vol% the relative
viscosity decreases by a factor of V1.4, and when
PV50 vol% there is a 6-fold decrease in viscosity
(Rust and Manga, 2002b). This e¡ect is smaller in
comparison with the e¡ect of crystallinity. At
PV10 vol% crystals viscosity increase is 6 times,
at 50 vol% the relative viscosity increase is 22
times (Pinkerton and Stevenson, 1992). In order
to observe the combined e¡ects arising from thix-
otropic and viscoelastic responses at the cessation
of a strain-rate, the time scales of bubble shape
relaxation (d) and Maxwell time (dMaxwell) must be
of the same scale. Because of a very high unre-
laxed shear modulus of silicate melts V10 GPa,
dEdMaxwell . The exception may be suspensions
with high volume fraction s 50 vol%. The rate
of thixotropic relaxation after imposing a strain-
rate or in accelerated £ow depends on Ca and Cd.
When these parameters are high, the rate of thix-
otropic relaxation may be comparable with a rate
of viscoelastic relaxation. Thus, thixotropy re-
mains a principle mechanism for transient lava
£ows on a variable topography.

(2) Most lavas are partially crystallised melts.
The tendency of crystals to £occulate when mag-
ma is at a rest or subjected to a small strain-rate
can induce a yield strength in the lava. This can
subsequently be destroyed by shearing, for exam-
ple when the slope increases. This is therefore an-
other mechanism for inducing thixotropy in lavas.
Numerical modelling reveals how a continuous
crystal network in magmas may result in a ¢nite
yield strength when the crystal volume fraction
becomes critical (Pinkerton and Stevenson,
1992). The critical volume fraction becomes small-
er when the elongation shape factor of crystals is
larger (Saar et al., 2001).

When lavas are subjected to small strain-rates
(or small stresses) the overall rheology is deter-
mined by the deformation of gas bubbles and
the rotation, interaction and displacement of crys-
tals suspended in the viscous melt matrix. Internal

stresses from friction and interaction between
crystals are responsible for the formation of a
yield strength. At higher strain-rates, e.g. when
applied shear stresses are higher than the yield
strength, apparent viscosities (de¢ned here as c/ _QQ )
and e¡ective viscosities (de¢ned here as vc/v _QQ )
are reduced. The observed e¡ective viscosity at
high strain-rates and stresses has a plastic charac-
ter. In other words, yield strength lavas demon-
strate a solid-like viscoelastic behaviour at low
stresses and at low strain-rates and a plastic liq-
uid-like behaviour at high stresses. The experi-
ments with Gum rosin have revealed a low-fre-
quency plateau for a shear modulus and may be
correlated with a yield strength of this material. In
lavas the yield strength can be explained by a
building a network structure of touching crystals
and vesicles. The e¡ect of crystal anisotropy or
aspect ratio of smallest and largest diameters
has been considered by Saar et al. (2001). It was
demonstrated that the yield strength of a suspen-
sion becomes appreciable after a critical concen-
tration of particles in vol% Pc. The threshold of
particle concentration depends on the parameter V
as Pc (see Saar et al., 2001, ¢g. 5). The yield
strength cY depends on particle concentration
and a maximum packing of crystals Pm as follows:

cY ¼ 5:3W

P

P c
31

13
P

P m

0
BB@

1
CCA ð8Þ

(Hoover et al., 2001). Assuming the maximum
packing parameter PmV65 vol% for a vesicular
suspension, we get for PV50 vol% a yield stress
cY = (7.6WV30:52 = 4.3) in Pa. In a vesicular suspen-
sion the yield strength increases with time or de-
formation of vesicles (VV0) and after the cessa-
tion of a £ow it relaxes to small values again. This
e¡ect is important when a vesicular £ow deceler-
ates or when a topographic slope becomes more
shallow because cY relaxes from high (KWCams 1)
to low value (KWCam6 1) due to thixotropic relax-
ation of V. Thus, in high porosity lavas (Ps 30
vol%) the yield strength is due to stretching of
vesicles. Eq. 8 cannot be used to access quantita-
tively the yield strength of vesicular £ow. In the
model of Saar et al. (2001) Pc as a function of V
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has been calculated assuming a random orienta-
tion of non-spherical inclusions. In the case of
vesicles a shear £ow imposes a steady state orien-
tation of bubbles (Rust and Manga, 2002b). Real-
istic values Pc(V) for deformed vesicles must be
larger than for solid particles. Lavas with high
porosity have both a yield strength and viscoelas-
ticity and are consequently highly non-Newto-
nian.

(3) From a series of experiments with a soap
foam we demonstrated that an aqueous foam pos-
sesses both viscoelastic properties and a yield
strength. Our step in shear experiments has shown
that a mechanical model of the viscoelastic re-
sponse of a foamed material with a yield strength
can be constructed (Fig. 11A). The mechanical
model describing viscoelastic response of foams
and vesicle suspensions is more complicated
than a Maxwell body model, for example, a 3-pa-
rameter body (Llewellin et al., 2002), or a 4-pa-
rameter body (Bagdassarov and Dingwell, 1993;
Bekkur and Scrivener, 1998). The suggested me-
chanical model consists of elasto-plastic element
and a viscous element. At small stresses the re-
sponse is only elastic due to the elastic deforma-
tion of vesicles having an e¡ective shear modulus
V2y/a. At stresses higher than the yield strength,

the response is viscoelastic. The viscous and elas-
tic elements are strain-rate dependent. The viscos-
ity is shear thinning WO( _QQ )30:8 in the accessible
span of shear rates, and the shear modulus
depends on strain-rate as G=G(r)W((dWQ)1:6/1+
(dWQ)1:6). These results compare well with previous
measurements on suspensions and foams
(Prud’homme and Khan, 1996) where the power
law dependence of oil^water suspension at ca.
90 vol% of vesicles was estimated V30.8. The
estimation of yield strength is 5 Pa assuming
surface tension y=0.08 N/m and a=1033 m.
(Prud’homme and Khan, 1996, eq. 15). The re-
sponse of a foam is elastic at stresses less than
the yield strength. When cscy, the shear stress
relaxes due to stretching of bubbles. After remov-
al of external applied stress, the elastic stress does
not decrease to zero. In this model the foam pos-
sesses a shear modulus comparable with the yield
strength.

At high concentrations of vesicles in a £uid the
rheological behaviour of di¡erent suspensions is
very similar (for example, compare Prud’homme
and Khan (1996) and this study). This may sug-
gest that the mechanical model shown in Fig. 11A
is also true for magmatic foams. Consequently,
transient thixotropic £ow, shear thinning and

Fig. 11. The sketch of a viscoelastic model for magma-foam (A) and the pro¢le of a shear stress and velocity distribution (B)
near an abrupt ori¢ce in a magma conduit.
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the existence of a yield strength may play signi¢-
cant roles in the detachment of magma in con-
duits (Fig. 11B). In a relatively large magma con-
duit there is a non-slip boundary condition for
magma velocity on the wall of the channel.
When this £ow meets a narrowing region in the
channel, then, as a consequence of the shear-thin-
ning rheology of the magma, high shear stresses
cannot build up near the wall because the product
of strain-rate x viscosity is practically constant for
a foam. At the same time the core of the £ow
cannot accelerate because of the yield strength
which is important in a central core region where
shear stresses are small (Fig. 11B). In order to
provide the same volumetric rate of £ow in a
wide region and in narrow region of the conduit,
there should be transition from non-slip to slip
boundary conditions on the wall. A continuous
£ow of magma has to transform at this point
into a pulsating £ow, which has been observed
in shock tube experiments on Gum rosin-acetone
foams (Phillips et al., 1995). Natural magma and
channels have rough and irregular geometries. As-
suming a certain wavelength of channel wall

roughness, this transient £ow may result in an
emission of acoustic waves.

Fig. 12 illustrates the e¡ect of the yield strength
and shear thinning on a £ow of £uid at the en-
trance of a narrow ori¢ce. The transition of the
£ow from the regime of slip (b) to non-slip
boundary conditions (c) occurs when a dimen-
sionless parameter (DcY /vWV2.5^2.7, where D is
the diameter of the large tube, v is a mean £ow
velocity, and cY is yield strength (Barnes, 1999).
Field measurements on Etnean lavas at 1095‡C
yield a plastic viscosity of 1260 Pa s and a yield
strength of 370 Pa (Pinkerton and Norton, 1995).
At a mean velocity of 0.5 m/s the non-slip to slip
boundary transition may occur in a conduit 4.5 m
in diameter. Deformation of a yield strength lava
is mostly restricted to a near-wall region, but at
the entrance of any narrow ori¢ce all the material
has to £ow in order to enter the channel. There-
fore, the non-slip boundary condition must be
violated and a portion of £uid has to be detached
from a conduit wall. We propose that this process
can account for the periodic detachment of foam
in the decompression experiments with foamed

Fig. 12. Sketch of pulsating magma £ow of £uid through an abrupt ori¢ce (ratio of diameters 1:4) for di¡ering values of yield
strength (redrawn from Barnes, 1999). From (A) to (C) the yield strength increases. Black indicates the region where the stress is
below the yield strength. White is where stresses exceed the yield strength. Viscous £ow of magma is only possible in this region.
After closing the conduit (C), the build-up in stress caused by expanding foam will return the system to the initial situation (A).
The overall regime of £ow through a narrowing ori¢ce has a pulsating character with transition from slip-free and slip boundary
conditions on the conduit wall.
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Gum rosin (Phillips et al., 1995). Similar e¡ects
may be expected for a £ow of a decompressed
magma in a volcanic conduit assuming that walls
of a channel have a roughness of a certain wave-
length.
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Appendix

The semi-empirical model adequately describ-
ing the rheology of bubbly suspension has been
proposed by Llewellin et al. (2002) on the basis of
the linear Je¡rey’s model parameterised to empir-
ically determined constants on the gas volume
fraction P :

c þ 6d
5
c ¼ W ð1þ 9P Þ _QQ þ W

6d
5

13
5
3
P

� �
€QQ ; ðA1Þ

where d is a bubble shape relaxation time dV(aWW/
y), W is a shear viscosity of the liquid phase, y is
surface tension and R is the vesicle radius. The
data have been obtained at CaI1. The Je¡rey’s
model represents a viscous dash-pot connected in
parallel with a Maxwell element or a dash pot in
series with a Kelvin element. The theory of the
viscoelastic response of Je¡rey’ body is described
elsewhere (e.g. Cheng, 1982). This body may ex-
press a normal thixotropy, if the slope of viscosity
of the equilibrium £ow curve is less than that of
the constant structure £ow curve (see Fig. 2). The
response of a Je¡rey’ body to a step function of a
strain-rate has an overshoot on the shear stress^
time curves. The overshoot is due to an overlap-
ping of viscoelastic retarded growth of stress of a
slower dash-pot with a thixotropic breakdown of

a structure (faster dash-pot of Kelvin element).
This may occur when a shear modulus of a bulk
melt is about the same as y/2R. This type of re-
sponse has been observed experimentally in a ve-
sicular rhyolite by Bagdassarov and Dingwell
(1993), and they also suggested a four-parameter
body model for a stress relaxation in vesicular
rhyolite melt. They considered two di¡erent stress
relaxation time scales associated with W/G and
WWa/G where G is an unrelaxed shear modulus of
melt.

According to Eq. A1, the non-spherical stretched
bubbles will reduce viscosity when the dynamic
Capillary number Cd= d(€QQ = _QQ ) is signi¢cantly
larger than 1 (Llewellin et al., 2002). If Cd is
high (as in the case of an accelerated lava £ow),
the second term in Eq. A1 dominates in the over-
all stress evolution and the e¡ective viscosity of a
£ow decreases with the increase of bubble con-
tent. For a lava £ow on the slope of a volcano,
the reason for the £ow acceleration or sudden
increase of Cd can be an abrupt change of a to-
pography, i.e. a change of the slope along the lava
£ow length. At onset of £ow acceleration, stretch-
ing may additionally increase the e¡ective velocity
of the £ow making a lava material on a steep
topography catastrophically £uid. According to
the standard solution of a viscous £ow on a in-
clined plane accounting a variable thickness h
along the slope length L (Landau and Lifshitz,
1987; Miyamoto and Sasaki, 1998), the expres-
sions for the strain-rate ( _QQ ) and the strain-rate
acceleration (€QQ ) can be written as follows:

_QQ ¼
bg sinK3

dh
dL

WcosK
� �

W

ðh3zÞ; ðA2Þ

and:

€QQ ¼ vðzÞbg
W

d sinK
dL

3
dh
dL

dh
dL

W cosK
� �� ��

ðh3zÞ þ sinK3
dh
dL

W cosK
� �

W
dðh3zÞ
dL

� �
�; ðA3Þ

where v(z) is a £ow velocity pro¢le, L is a length
coordinate of a £ow, h is a thickness of a £ow.
The dynamic Capillary number which will char-
acterise the importance of the bubble stretching
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process on a £ow rheology may be expressed as
follows:

Cd ¼ a
2Wy

WbgWzð2h3zÞW

dA
dL

� �
þ A
ðh3zÞW

dðh3zÞ
dL

� �� �
; ðA4Þ

where:

A ¼ sinK3
dh
dL

W cosK : ðA5Þ

The dynamic Capillary number consists of the
variation of a topographic angle along a lava £ow
distance (the ¢rst term in brackets of r.h.s. of Eq.
A4) and of the variation of the thickness of a £ow
(the second term in brackets). The latter term may
be neglected in comparison with the ¢rst one as a
small logarithmic derivative. Eq. A4 shows that
the main e¡ect on the bubbly £ow rheology comes
from large bubbles stretched in the upper part of
a £ow. The useful approximation of the dynamic
Capillary number for lava £ows with nearly con-
stant thickness h is :

Cd ¼ aWb WgWh2

2Wy
W
d sinK
dL

: ðA6Þ

Assuming hV5 m, aV2W1032 m, yV0.3 N/m
(Bagdassarov et al., 2000), bV2.5W103 kg/m3, only
a variation of the slope angle greater than 1032

rad/m results in CdV10. This may already cause
a transition to a stretching process of vesicles in
lava £ow and in a decrease of the plastic £ow
viscosity.
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